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Determining the detailed spin texture of topological surface states is important when one wants to apply topo-
logical insulators in spintronic devices. In principle, the in-plane spin component of the surface states can be
measured by a method analogous to the so-called Meservey-Tedrow technique. In the present work we sug-
gest that the out-of-plane spin component can be determined by spin Hall effect tunneling spectroscopy. We
derive an analytical formula that allows to extract the out-of-plane spin component from spin Hall effect tun-
neling spectra. We test our formula using realistic tight-binding models of Bi2Se3 and Sb2Te3. We demonstrate
that the extracted out-of-plane spin polarization is in very good agreement with the actual out-of-plane spin
polarization.
Copyright line will be provided by the publisher
1 Introduction Topological insulators (TI) possess
surface states that are protected by the momentum space
topology of the material [1,2,3]. An interesting feature
of these surface states is spin-momentum locking, which
means that momentum and spin of an electronic surface
state are strictly related to each other, i.e. electrons with
opposite spin propagate into opposite directions [4,5,6,
7,8,9]. This feature makes topological insulators inter-
esting materials for spintronic devices [10,11,12,13,14,
15,16,17]. In particular, the combination of topological
insulators with ferromagnets promises interesting device
applications like magnetoresistance devices [18,19,20,13]
or spin-orbit torque [21,22,15,16]. It has been demon-
strated that topological insulators can be made ferromag-
netic by magnetic proximity effect [23,24,25] or doping
with magnetic impurities [26,27,28,29]. Recently, the first
intrinsic magnetic topological insulator has been realized
experimentally [30].
In previous work we have shown that the combina-
tion of ferromagnets with topological insulators provides
several interesting opportunities: it is possible to construct
spin current generators, detectors, and spin transistors [14].
One can create flat surface bands [31,32] and a magneti-
cally induced Weyl semimetal state can be reached [32].
For spintronic devices made from topological insula-
tors it is important to determine spin texture and degree of
spin polarization of the surface states. Experimentally, spin
and angle resolved photoemission spectroscopy (SARPES)
has been used to measure the spin texture [33,34,35,6].
However, the values reported for the degree of spin po-
larization varied strongly [6,35,36,37]. It was pointed out
that the spin of the photoelectrons can be different from
the electrons in the topological surface states depending on
photon energy and photon polarization [36,38]. Therefore,
alternative techniques to determine the spin texture and de-
gree of spin polarization would be valuable.
For ferromagnetic materials there exists the so-called
Meservey-Tedrow technique [39,40] to measure the spin
polarization. In this technique one uses tunneling spec-
troscopy from a superconducting thin film in a strong ex-
ternal magnetic field. We have recently demonstrated that
the Meservey-Tedrow technique can be adapted to topo-
logical insulator surface states and allows to measure the
in-plane component of the surface state spin polarization
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Figure 1 Schematic of the spin Hall effect tunneling spec-
troscopy device used by Liu et al.[43]. An alternating cur-
rent between lead 1 and 3 drives a spin polarized tunneling
current into the surface states of the TI. An asymmetric
charge accumulation due to the spin momentum locking of
the surface states then leads to a voltage drop between lead
2 and 4.
[41]. However, the method is insensitive to the out-of-plane
component of the spin texture.
In the present work we will show that spin Hall effect
tunneling spectroscopy can be used to measure the out-of-
plane spin polarization of the topological surface states and
thus can complement the Meservey-Tedrow technique to
give a complete measurement of the surface state spin tex-
ture by tunneling spectroscopy. Spin Hall effect tunneling
spectroscopy was introduced by Liu et al [42] as a means
to measure the Spin Hall effect under finite bias voltages.
This technique allows to measure the energy dependence of
the Spin Hall effect near the Fermi energy of a given metal.
It was shown that the charge-spin conversion efficiency of
topological insulator surface states can be determined ex-
perimentally using this technique [43].
A schematic of a Spin Hall effect tunneling spec-
troscopy device is shown in figure 1. The main idea is to
create a spin polarized current by a ferromagnet and feed
it through leads 1 and 3. The spin texture of the surface
states then creates a transverse voltage between leads 2
and 4 which depends on the voltage applied between leads
1 and 3. We will show in this work that the out-of-plane
component of the spin in the topological surface states can
be obtained from a ratio of differential conductances for
out-of-plane polarization of the ferromagnet and in-plane
polarization of the ferromagnet.
2 Results In this section we want to derive a method
that allows to determine the out-of-plane spin component
of topological surface states [44]. When a voltage is ap-
plied between lead 1 and 3 of the device shown in figure 1,
a spin polarized current will tunnel from the ferromagnet
into the surface states of the topological insulator. Due to
the spin momentum locking of the surface states, the result-
ing currents towards the leads 2 and 4 are unequal, giving
rise to an asymmetric charge accumulation and therefore a
voltage VSH between these leads. The change of this volt-
age dVSHdI is then proportional to the difference of the dif-
ferential conductances (DC) G (U) = dI(U)dU with respect
to the two leads. In the following we are only interested in
relative DCs for different polarizations of the ferromagnet.
The precise prefactor of the DC, which depends on micro-
scopic details of the junction, drops out and thus plays no
role here.
2.1 Model We base our derivations on the realistic
four band tight-binding Hamiltonian for the Bi2Se3 class
of materials by Liu et al.[45]
H (k) = 0(k)I4×4+
4∑
i=1
mi (k)Γ
i+R1 (k)Γ 5+R2 (k)Γ 3
(1)
with Dirac Γ matrices
Γ 1,2,3,4,5 = (τ1 ⊗ σ1, τ1 ⊗ σ2, τ2 ⊗ I2×2, τ3 ⊗ I2×2, τ1 ⊗ σ3)
written in the basis (1 ↑, 1 ↓, 2 ↑, 2 ↓) and coefficients for
a hexagonal lattice[46]
0(k) = C0 + 2C1 (1− cos kz)
+
4
3
C2
(
3− 2 cos 1
2
kx cos
√
3
2
ky − cos kx
)
m1(k) = A0
2√
3
cos
1
2
kx sin
√
3
2
ky
m2(k) = −A0 2
3
(
sin
1
2
kx cos
√
3
2
ky + sin kx
)
m3(k) = B0 sin kz
m4(k) = M0 + 2M1 (1− cos kz)
+
4
3
M2
(
3− 2 cos 1
2
kx cos
√
3
2
ky − cos kx
)
The hexagonal warping along with the out-of-plane tilt
of the surface state spin is given by the coefficientsR1 and
R2 which are at least of third order in momentum k[13]
R1 (k) = 2R1
(
cos
√
3ky − cos kx
)
sin kx
R2 (k) = 16
3
√
3
R2
(
cos
√
3
2
ky − cos 3
2
kx
)
sin
√
3
2
ky.
We will test our method numerically for two differ-
ent sets of parameters valid for two different topologi-
cal insulators.[45] For Bi2Se3 we have the lattice con-
stants a = 4.14A˚ and c = 28.6415 A˚[47] and parame-
ters A0 = 0.804eV, B0 = 1.184eV, C1 = 1.575eV,
C2 = 1.774eV, M0 = −0.28eV, M1 = 1.882eV,
M2 = 2.596eV, R1 = 0.713eV, and R2 = −1.597eV.
For Sb2Te3 we have the lattice constants a = 4.25A˚
and c = 30.3515 A˚[47] and parameters A0 = 0.8eV,
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B0 = 0.415eV, C1 = −3.027eV, C2 = −0.597eV,
M0 = −0.22eV, M1 = 4.797eV, M2 = 2.986eV,
R1 = 1.344eV, and R2 = −3.187eV. The small energy
shift C0 is set to zero in both cases .
2.1.1 Derivation In this subsection we derive an ap-
proximate formula, which allows to calculate the out-of-
plane spin component from experimental conductance data
(equation 23). In the next subsection we will then test this
formula and show that the extracted values for the out-of-
plane polarization compare very well with the actual values
of the two sets of parameters for Bi2Se3 and Sb2Te3.
When we expand equation 1 up to second order in mo-
mentum k, we can derive an analytical expression for the
surface states in the top layer of the TI[13]
ψ± (ϕ) =
1√
2

±u−e−i(ϕ−pi2 )
u−
±u+e−i(ϕ−pi2 )
u+
 , (2)
where± is for the upper and lower Dirac cone respectively,
u± =
√
M1±C1
2M1
and ϕ is the in-plane polar angle of the
momentum. The eigenenergies of these states are isotropic,
i.e. they depend only on k =
√
k2x + k
2
y but not on ϕ
E± = −C1M0
M1
+
(
C2 − C1
M1
M2
)
k2 ±A0
√
1− C
2
1
M21
k.
(3)
The spin of these states lies within the surface plane and is
always perpendicular to the in-plane momentum. In order
to keep things analytically solvable, we make a simplified
assumption when we add the out-of-plane tilt of the spin
ψ¯± (ϕ) =
1√
2

±u−
√
1±q0 cos 3ϕe−i(ϕ−pi2 )
u−
√
1∓q0 cos 3ϕ
±u+
√
1±q0 cos 3ϕe−i(ϕ−pi2 )
u+
√
1∓q0 cos 3ϕ
 . (4)
Here, q0 is the energy dependent out-of-plane spin po-
larization that is modulated by cos 3ϕ to account for
the hexagonal warping. The in-plane spin component
remains perpendicular to the in-plane momentum. We
further simplify equation 4 by making the replace-
ment q0 cos 3ϕ → q¯sign (cos 3ϕ), with the mean value
q¯ = 3q0pi
∫ pi
6
−pi6 dϕ cos 3ϕ. This approximation allows us to
obtain analytical expressions for the differential conduc-
tance below.
The states of the ferromagnetic electrode are obtained
by reducing equation 1 to a single orbital and using
C1 = C2 = 0.25eV and C0 = −0.75eV . All other
parameters are set to 0. The spatial dependence perpendic-
ular to the surface is then given by the superposition of an
incoming and outgoing plane wave sin (zkz). We can write
down states for the surface layer (z = 1) with a definite
polarization either within the surface plane defined by the
polar angle ϕF
ψϕF (kz) =
1√
2
sin kz
(
e−iϕF
1
)
(5)
or out-of-plane
ψz↑ (kz) = sin kz
(
1
0
)
, ψz↓ (kz) = sin kz
(
0
1
)
. (6)
The tunneling Hamiltonian of the insulating barrier is
given by
HT = −CB
∑
kx,ky,α.σ
d†kx,ky,α.σckx,ky,σ + h.c. , (7)
where d†kx,ky,α.σ creates an electron in the top layer of the
topological insulator and ckx,ky,σ destroys an electron in
the bottom layer of the ferromagnet. α and σ are orbital
and spin quantum numbers and CB is the hopping matrix
element. Using Fermi’s golden Rule
Γmn =
2pi
~
δ (En − Em) |〈n |HT |m〉|2 , (8)
for the transition rate from an initial state m into a final
state n we get transition probabilities∣∣〈ψϕF |HT | ψ¯±〉∣∣2 = 12C2B (u2− + u2+) sin2 kz(k)
·
[
1∓
√
1− q¯2 sin (ϕF − ϕ)
]
, (9)
∣∣〈ψz↑ |HT | ψ¯±〉∣∣2 = 1
2
C2B
(
u2− + u
2
+
)
sin2 kz(k) (10)
· (1± q¯sign (cos 3ϕ)) , (11)
and∣∣〈ψz↓ |HT | ψ¯±〉∣∣2 = 1
2
C2B
(
u2− + u
2
+
)
sin2 kz(k) (12)
· (1∓ q¯sign (cos 3ϕ)) . (13)
These probabilities can be inserted into the DC[13]
GF (T,U) =
const.
T
∫ k0
0
dkk
∫ pi
−pi
dϕ
(
f (ϕ)
∣∣〈ψF |HT | ψ¯+〉∣∣2
cosh2
(
E+−eU
2kBT
)
+f (ϕ− pi)
∣∣〈ψF |HT | ψ¯−〉∣∣2
cosh2
(
E−−eU
2kBT
) ) . (14)
where U is the bias voltage over the barrier, T is the tem-
perature, ψF is an arbitrary ferromagnetic state, and f (ϕ)
gives the probability that an electron that starts its propa-
gation in the surface of the TI at an angle ϕ ends up at a
certain electrode. When we introduce new abbreviations
Copyright line will be provided by the publisher
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A± (k) =
C2B sin
2 kz(k)
cosh2
(
E±−eU
2kBT
) (u2− + u2+), equal for all ψF ,
and gF± (ϕ) containing the remaining parts, we can rewrite
equation 14 as follows
GF (T,U) =
const.
T
∫ k0
0
dkk
∫ pi
−pi
dϕ(f (ϕ) gF+ (ϕ)A+ (k)
+f (ϕ− pi) gF− (ϕ)A− (k)) . (15)
gF± (ϕ) depends on the ferromagnetic states, but always sat-
isfies gF− (ϕ+ pi) = g
F
+ (ϕ). As q¯ (E) varies slowly as a
function of energy and the temperature is low, we can re-
place q¯ (E) with q¯ (U) and take it out of the integral. When
we further assume that f (ϕ) = f (ϕ+ 2pi) = f (−ϕ), we
can simplify equation 15
GF (T,U) =
const.
T
∫ k0
0
dkk
∫ pi
−pi
dϕf (ϕ) (gF+ (ϕ)A+ (k)
+gF− (ϕ+ pi)A− (k))
=
const.
T
∫ k0
0
dkk (A+ (k) +A− (k))∫ pi
−pi
dϕf (ϕ) gF+ (ϕ)
= G0 (T,U)
∫ pi
−pi
dϕf (ϕ) gF+ (ϕ) . (16)
Here, G0 (T,U) = const.T
∫ k0
0
dkk (A+ (k) +A− (k)) is a
term, which is independent of the ferromagnetic state ψF .
The DC with respect to the opposite electrode is obtained
by the substitution f (ϕ) → f (ϕ+ pi). So the difference
of the DCs with respect to the two electrodes is
∆GF (T,U) = G0 (T,U)
∫ pi
−pi
dϕf (ϕ)
(
gF+ (ϕ)− gF− (ϕ)
)
.
(17)
Considering now the device in figure 1, all electrons that
initially move in positive x-direction end up at the corre-
sponding electrode, so
f (ϕ) =
{
1 forϕ ∈ [−pi2 , pi2 ]
0 else.
(18)
With this we obtain the following ∆G for a ferromagnet
fully polarized in-plane
∆GϕF (T,U, ϕF ) = G0 (T,U) 2
√
1− q¯2 (U) sinϕF ,
(19)
where the polar angle ϕF has to be adjusted to the in-plane
polarization angle of the TI surface states that propagate
along the x-axis, i.e. ϕ = pi2 . For a ferromagnet fully polar-
ized out-of-plane we find
∆Gz↑,↓ (T,U) = ±G0 (T,U) pi
3
q¯ (U) . (20)
For a ferromagnet with finite polarization, we simply have
to take a weighted sum of terms with opposite polarization.
So, we finally get
∆Gip (T,U, ϕ) = G0 (T,U) 2
√
1− q¯2 (U) sinϕF∆nip
(21)
for the in-plane polarization and
∆Gop (T,U, ϕ) = G0 (T,U)
pi
3
q¯ (U)∆nop (22)
for the out-of-plane polarization, where ∆n = n+ − n−,
with n+ + n− = 1, is the relative density of states of
spin-up and spin-down states. When we take the ratio of
equation 21 and equation 22, G0 cancels out and we can
solve for the mean out-of-plane polarization of the TI sur-
face states
q¯ (U) =
√√√√ 1
1 +
(
∆Gip
∆Gop
∆nop
∆nip
pi
6 sinϕF
)2 . (23)
This equation allows to obtain the out-of-plane spin polar-
ization from the ratio of the differential conductances for
in-plane and out-of-plane polarization of the ferromagnet.
Under the assumption that the approximation of the
out-of-plane polarization
q (U,ϕ) = ±q0 (U) cos 3ϕ (24)
of the TI surface states is good, the angular dependence can
be calculated from q¯ (U)
q (U,ϕ) = ±q¯ (U) pi
3
cos 3ϕ∫ pi/6
−pi/6 dϕ
′ cos 3ϕ′
= ±q¯ (U) pi
2
cos 3ϕ . (25)
However, as only the alternating sign of the out-of-plane
polarization was considered in the above derivation, any
other valid angular dependence could be used here as well.
2.2 Numerical test In this section we want to test our
result, equation 23, as well as our approximation, equation
25, by comparison to results based on numerical eigen-
values of the full Hamiltonian equation 1. The eigenstates
of the ferromagnet, which for simplicity is assumed to be
fully polarized, are still described by the analytical formu-
las equation 5 and 6. As the numerical eigenstates are only
given for discrete momenta, we have to replace the inte-
grals in equation 14 by a sum over all numerical TI eigen-
states and analytical ferromagnet states that fulfill energy
and in-plane momentum conservation.[13] For the numer-
ical states we use a hexagonal in-plane momentum dis-
cretization of 2√
3
2pi
2000 and 50 (Bi2Se3) respectively 200
(Sb2Te3) real space lattice sites in z-direction. Propagation
directions are obtained from a difference quotient for small
variations of the in-plane momenta. The resulting ∆G at
10K within the TI bulk gaps are shown in figure 2.
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Figure 2 Differential conductance differences ∆G as a function of bias voltage U, calculated from numerical eigenstates
of the full Hamiltonian, at 10K for energy values inside the bulk gap. For both materials, ∆Gip (y-polarization) shows a
sharp minimum at the Dirac point. The minimum of ∆Gop (z-polarization) is much shallower. Note the different scales for
in-plane and out-of-plane curves.
For the in-plane polarization, both materials show a sharp
minimum at the Dirac point with an approximately lin-
ear increase towards higher and lower energies. The mini-
mum for the out-of-plane polarization is shallower because
the out-of-plane spin component of the surface states de-
creases to zero towards the Dirac point. Away from the
Dirac point ∆Gop is much steeper because out-of-plane
spin and density of states both increase at the same time.
Towards the bulk gap edges, most of the curves decrease.
This is consistent with experiments [48] and can be mostly
attributed to the increased decay length of the surface states
as they merge into bulk states, leading to decreased tran-
sistion matrix elements. As the surface states of Sb2Te3
merge with the conduction bands at a much higher energy
and only the energy range of the bulk gap is shown here, the
decrease is not visible there. The ∆Gip curves are further
decreased by the increasing out-of-plane tilt of the surface
state polarization. Again, the effect is smaller for Sb2Te3
because the hexagonal deformation of the Dirac cone and
out-of-plane tilt of the surface state spin is smaller. The
overall smaller values of ∆Gop compared to ∆Gip come
from the generally smaller out-of-plane spin component
and the fact that two-thirds of the surface states compen-
sate each other for an out-of-plane tunneling current due to
the alternating sign of the out-of-plane spin.
Next we calculate the mean out-of-plane spin from the
curves in figure 2 with parameters ∆nip = ∆nop = 1 and
ϕF =
pi
2 . The results are presented in figure 3 (solid lines).
For comparison we show the mean value q¯ana (E) of the
absolute value of the z-spin expectation value
pz = ψ
′†
±
(
Σzψ
′
±
)
= ± R1√
R21 +m
2
1 +m
2
2
(26)
of the analytical surface states ψ′± involving the full in-
plane momentum dependence (dashed lines).[13] Ex-
cept for a small deviation for Bi2Se3 at the lower bulk
gap edge, the numerical and analytical curves agree very
well. The small deviation is likely due to the replacement
q0 cos 3ϕ → q¯sign (cos 3ϕ) which leads to a changed
angular dependent weighting of the matrix elements for
tunneling with in-plane spin which causes an overestimate
of ∆Gip. Besides, the hexagonal warping of the Fermi sur-
face, which was neglected in the derivation of equation 23,
might have a small effect.
Figure 4 shows a comparison of the real analytical angular
dependence of the out-of-plane spin and the approxima-
tion equation 25 for three representative energy values for
Bi2Se3. The agreement is again very good and therefore
validates the assumption for the wavefunction in equation
4. There is only a small amplitude deviation for the lowest
energy value due to the overestimate of q¯.
3 Summary We derived an analytical formula that al-
lows to obtain the out-of-plane spin polarization of topo-
logical surface states from spin Hall effect tunneling spec-
tra. We have tested this formula by applying it to full nu-
merical calculations of the differential conductances us-
ing two different sets of parameters appropriate for Bi2Se3
and Sb2Te3. The extracted out-of-plane spin polarization
was shown to be in very good agreement with the actual
out-of-plane spin polarization of the two sets of param-
eters. This shows that a reliable extraction of the out-of-
plane spin polarization by spin Hall effect tunneling spec-
troscopy is feasible. Together with the Meservey-Tedrow
technique, which allows a reliable measurement of the in-
plane spin polarization, these two techniques can provide
a detailed measurement of the spin texture of topological
surface states based on tunneling spectroscopy.
Copyright line will be provided by the publisher
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Figure 3 Comparison of the mean out-of-plane spin polarization q¯ (equation 23) derived from numerical ∆G curves in
figure 2 and the mean value of the analytical expectation value equation 26. There is only a small deviation of the two
curves at the lower bulk gap edge of Bi2Se3.
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Figure 4 Dependence of the out-of-plane polarization
q (U) of Bi2Se3 on the in-plane polar angle ϕ of the mo-
mentum for three representative bias voltages. The solid
colored lines are derived from the numerical mean po-
larization values and equation 25 and the dashed black
lines show equation 26 evaluated along a constant en-
ergy contour. Apart from a small amplitude deviation for
U = −0.05V the agreement is very good.
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